The Influence of Course Bends on Pacing Strategy in Road Cycling  by Sundström, David et al.
 Procedia Engineering  72 ( 2014 )  835 – 840 
Available online at www.sciencedirect.com
1877-7058 © 2014 Elsevier Ltd. Open access under CC BY-NC-ND license. 
Selection and peer-review under responsibility of the Centre for Sports Engineering Research, Sheffield Hallam University
doi: 10.1016/j.proeng.2014.06.141 
ScienceDirect
The 2014 conference of the International Sports Engineering Association 
The influence of course bends on pacing strategy in road cycling 
David Sundströma*, Peter Carlssona, Mats Tinnstena 
aMid Sweden University, Akademigatan 1, Östersund 83125, Sweden 
Abstract 
Road cycling races in general, but particularly criteriums (short circuit race), have a considerable number of bends along the 
race course. Sharp bends force the rider to decelerate in order to retain the grip between the tires and the road. This study 
focused on how these course bends influence the optimal pacing strategy in road cycling. For this purpose, we used a numerical 
model that simulates cycling by solving the equation of motion. The optimisation was carried out with the Method of Moving 
Asymptotes, constrained with the Margaria-Morton model for human energetics and a separate course bend constraint. The 
results showed that sharp course bends greatly affect the pacing strategy and finishing time. The average power output and the 
average speed decreased with a decrease in the curve radius. Moreover, the kinetic energy lost due to braking in sharp course 
bends is likely to be the crucial mechanism affecting the finishing time. Therefore, we believe that the outcome of races that 
contain sharp bends may be strongly dependent on the athlete’s pacing strategy. 
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1. Introduction 
In recent years, pacing strategies have been extensively studied using a number of different approaches. Among 
the research questions posed are: How does one regulate pace when exercising? And what is the optimal pacing 
strategy? The first question has been widely discussed by Noakes et al. (2005), who concluded that the central 
nervous system regulates pacing by using the recruitment of motor units to retain homeostasis. The issue of 
optimal pacing may be influenced by this regulation mechanism, although it is affected by external factors as well. 
The effects of some of these external factors have previously been studied. Among them, the effect of course 
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profile has been examined in numerous studies (Atkinson et al. 2007; Boswell 2012; Sundström et al. 2013; Swain 
1997), all concluding that optimal pacing varies effort to match the road’s gradient. The same conclusion has been 
reached by studying the effect of head- and tail winds (Atkinson & Brunskill 2000; Swain 1997). However, one 
apparent parameter for any competing rider, the influence of course bends on the pacing strategy, has not been 
examined by any study that we know of. Therefore, the aim of this study was to investigate the influence of course 
bends on the optimal pacing strategy in road cycling.  
2. The model 
Mathematical optimisation has been the approach for studying pacing strategies in road cycling in a number of 
previously published studies (Cangley et al. 2011; Dahmen 2012; Gordon 2005). The model used in this study is 
based on the model used in Sundström et al. (2013), with some improvements. The model is built up of one 
simulation model and one optimisation model. The simulation model is based on the model of Martin et al. (1998) 
with extensions for cubic spline course bends. The optimisation model is based on the Method of Moving 
Asymptotes (MMA), with a revised endurance model constraint. The simulation model considered the rider and 
bicycle as a point-mass system where acceleration only considered the mass and the mass moment of inertia of the 
bicycle wheels. The rider was subjected to external forces while generating a propulsive power output, resulting in 
propulsive force in the direction of the course (Fig. 1 (a)). A motion equation was built up from the sum of these 
forces, set to perform the acceleration of the rider-bicycle system. We studied a flat course with a lateral course 
direction profile built up from a chain of cubic splines. The finishing time was obtained by numerically solving the 
equation of motion from start to finish. The equation of motion can be expressed as 
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  (1) 
 
where ݐ is time, ܲ is power output at the crank spindle, ߟ௧௥ is the transmission efficiency, ܥோோ is the coefficient of 
rolling resistance and ݃ is the acceleration of gravity. Furthermore, ܥ஽ is the drag coefficient, ܣ is the projected 
frontal area, ܣ௪ is the incremental drag area of the spinning wheels and ߩ is the air density. The constants ܾଵ and 
ܾଶ are derived from the study of Dahn et al. (1991). In Equation (1), ݉௦ = ݉௧௢௧ + ܫ௪ Τ ݎ௪ଶ where ݉௧௢௧ is the total 
mass of rider and bicycle, ܫ௪ is the mass moment of inertia of the bicycle wheels and ݎ௪ is the outer radius. The 
prime denotes differentiation by the ݔ-coordinate. Finally, we introduced a new variable to create a system of first 
order ordinary differential equations that can be solved with the 4th order Runge-Kutta method. 
 
  
Fig. 1. (a) Free body diagram of the rider-bicycle system showing the course coordinate (ݔ), the propulsive force (ܨ௦), the gravitational force 
(ܨ௚), the drag force (ܨ஽), the bearing resistance (ܨ஻ோ), the rolling resistance (ܨோோ) and the normal force (ܰ). (b) The Margaria-Morton model 
with aerobic vessel ܱ, alactic vessel ܣܮ and lactic vessel ܮ with the narrow tube ܤ. ܴଵ, ܴଶ and ܴଷ are one-way connection tubes (where the 
flow goes from ܮ to ܣܮ in ܴଶ and from ܣܮ to ܮ in ܴଷ) while ݄ and ݈ are the vessel levels in ܣܮ and ܮ. ܲ is the power output constrained by the 
maximal power output ௠ܲ௔௫. ܪ, ߶, ߠ and ߣ are geometrical parameters of the model. 
 
The simulation model was assembled with a numerical optimisation routine called the Method of Moving 
Asymptotes (MMA) (Svanberg 1993), with the goal of minimising finishing time by altering the power output. 
b a 
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Power output variables were distributed evenly at 12.5-meter intervals, making a total of 81 variables. For the 
simulation, power output between variables was available through linear interpolation. 
  
In addition to global minimum and maximum constraints of power output, we included a revised version of a 
endurance model called the Margaria-Morton (M-M) model (Morton 1990), to constrain the power output in the 
simulations. The M-M model (Fig. 1 (b)) is built up using three fluid vessels; one for aerobic metabolism 
substrates ܱ, one for alactic substrates ܣܮ and one for lactic substrates ܮ. The vessels represent the energy stores 
for the different substrates in the human body and the flow of liquid between vessels symbolizes the energy flow or 
power. The ܣܮ and ܮ vessels have maximum volumes while the ܱ vessel is set to have infinite capacity. There are 
also restrictions on the flow rates between vessels through the three connecting tubes ܴଵ, ܴଶ and ܴଷ. ܯை  is the 
maximum flow through ܴଵ  and it corresponds to the maximal rate of aerobic energy consumption. ܯ௅  is the 
maximum flow through ܴଶ and corresponds to the maximum rate of lactic energy consumption. Additionally, ܯோ 
is the maximum flow through ܴଷ and corresponds to the maximum rate of lactic restoration of glycogen. The 
current flow through each tube is displayed in a hydraulic manner where the pressure differences, thus inter-level 
differences in the vessel levels, decide the current flow. Exhaustion appears whenever one of the ܣܮ or ܮ vessels is 
fully depleted. The anaerobic threshold is the least power output able to induce a drop in the level of ܮ. The small 
volume of the narrow tube ܤ was neglected in the model. To avoid exhaustion, the rider constrains effort at high 
exertion. In the model, this was modelled by a dynamic constraint on the maximum power output. The maximum 
power output was set to decrease linearly with the level in vessel ܮ. However, in contrast to the maximum power 
constraint suggested by Morton (1990), which has the lower boundary of maximum power set at zero, our 
constraint had the lower boundary set at the minimal power output, theoretically able to fully deplete vessel ܮ.  
As the aim of this study was to investigate the influence of course bends on pacing strategy, restrictions were 
also modelled for bends on the course. These were made as maximum speed constraints, dependent on the lateral 
course radius, the static friction coefficient and the normal force between the tires and the road. To acquire a 
simulation that satisfies these constraints, negative power output was allowed in the optimisation. Negative power 
was interpreted as braking and for this model we constrained the minimal power output, thus constraining the 
maximum braking power. The optimisation problem was formulated as 
 
Minimise 
ܶ = σ οݐ௜௄௜ୀଵ     (2) 
 
subject to 
0 < ܣܮ௜ ൑ ܣܮ௠௔௫  ݅ = 1, … ,ܭ  (3) 
0 < ܮ௜ ൑ ܮ௠௔௫   ݅ = 1, … ,ܭ  (4) 
௠ܲ௜௡ ൑ ௜ܲ ൑ ௠ܲ௔௫೔  ݅ = 1, … ,ܭ   (5) 
0 ൑ ݒ௜ ൑ ݒ௠௔௫೔    ݅ = 1, … ,ܭ  (6)  
 
where ܶ was the finishing time, ܭ was the total number of discrete distance steps and οݐ௜ was the corresponding 
time from the solution of the motion equation. The volume in the alactic vessel ܣܮ୧ and lactic vessel ܮ௜  were 
calculated in each step as 
 
ܣܮ௜ = ܣܮ௜ିଵ + ቀܯை  ௛೔షభுିథ +ܯ௅
௛೔షభି௟೔షభିఏ
ுିఏିఒ
െ ௜ܲቁ οݐ௜ିଵ  ݅ = 1, … ,ܭ (7) 
 
ܮ௜ = ܮ௜ିଵ + ቀܯ௅ ௛೔షభି௟೔షభିఏுିఏିఒ ቁ οݐ௜ିଵ ݅ = 1, … ,ܭ (8) 
 
However, if ݄௜ିଵ < ݈௜ିଵ + ߠ , then ܯ୐  was switched to െܯୖ , to account for recovery (Equations 7 and 8). 
ܣܮ௠௔௫  and ܮ୫ୟ୶ were the initial and maximum volumes of the alactic and lactic vessels respectively. The revised 
restriction to maximum power output ௠ܲ௔௫೔  (Equation 5) was set to decrease linearly with the level in ܮ and was 
thus expressed as 
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௠ܲ௔௫೔ = ܯ௉ െ
௟೔(ெುିெೀ(ுିఒ))
ுିఏିఒ
  ݅ = 1, … ,ܭ  (9) 
 
where ܯ୔ was the initial maximum power output, before the level in vessel ܮ starts to fall. The maximum speed 
ݒ௠௔௫೔(Equation 6) due to course curvature radius was expressed as 
 
ݒ௠௔௫೔ = ඥݎ௜ ή ߤ௦ ή ݃ ݅ = 1, … ,ܭ (10) 
 
where ݎ௜ is the turning radius and ߤ௦ is the coefficient of static friction between the tire and the road. The turning 
radius (Equation 10) can be calculated as 
 
ݎ௜ = ஠ή୼௫ଵ଼଴(ఉ೔ିఉ೔షభ) ݅ = 1, … ,ܭ (11) 
 
where ȟݔ is the distance step, ߚ௜ is the lateral bearing angle after step ݅ and ߚ௜ିଵ is the angle prior to step ݅. 
3. Model parameters 
For the purpose of the present study, we chose model parameters that described an elite rider on three different 
courses. Course ܥஶ had no course bend, while courses ܥଵ଴ and ܥ଻.ହ included one 90° turn with a maximum turning 
radius of 10 m and 7.5 m respectively. All courses had a distance of 1000 m and were totally flat. The athlete’s 
body mass was set to 75 kg and the equipment mass to 8.9 kg, resulting in a total mass of ݉௧௢௧ = 83.9 kg. The 
moment of inertia was set to ܫ௪ = 0.14 NJÂP2 (Martin, et al. 1998) and the wheel radius to ݎ௪ = 0.337 m, resulting 
in a total inertia of ݉௦ = 85.1 kg. The same rider was estimated to have a maximum rate of aerobic energy 
expenditure of 2000 W, corresponding to a ሶܸ ܱଶ݉ܽݔ = 75.8 POÂNJ-1Âmin-1. Accordingly, the maximum aerobic 
power output was calculated to ܯை = 450 W, with a gross efficiency of 22.5%. The initial maximum power 
output was set to ܯ௉ = 1100 W and the minimal power output was set to ௠ܲ௜௡ = െܯ௉. The maximum flows 
through the other tubes were set to ܯ௅ = 500 W and ܯோ = 50 W. The initial and maximum capacities for alactic 
and lactic energy were set to ܣܮ௠௔௫ = 7000 J and ܮ௠௔௫ = 15000 J respectively. The geometric parameters of the 
M-M model were set to ߣ = 0.1 and ߶ = 0.05 (Morton 1990), and ߠ = 0.76 to account for an anaerobic threshold 
at 80% of ሶܸ ܱଶ݉ܽݔ. Equations derived from the studies of Heil (2001, 2002) were used to calculate the drag 
coefficient (ܥ஽ = 0.638) and the projected frontal area for a break hood’s position (ܣ = 0.562 m2). The additional 
drag area of the wheel spokes was set to ܣ௪ = 0.0044  m2 (Martin, et al. 1998). The coefficient of rolling 
resistance was calculated as ܥோோ = 0.0042 (Grappe et al. 1999) using a tire pressure of 900 kPa, and the static 
friction coefficient was set to ߤ௦ = 0.7. The bearing friction coefficients were derived from Dahn et al. (1991) at 
ܾଵ = 0.089 and ܾଶ = 0.0084. Furthermore, the starting speed was set at 5 PÂV-1; the air density at ߩ = 1.2041 
NJÂP-3 and no environmental wind was considered. All optimisations started with all variables set to ௝ܲ = 250 W. 
4. Numerical results and discussion 
The optimisation routine completed 10 iterations and the optimised pacing strategies are presented in Fig. 2. 
The finishing time was ஶܶ = 70.7 s, ଵܶ଴ = 76.0 s and ଻ܶ.ହ = 77.0 s and the speed variance was varஶ௩ = 2.1 PÂV-1, 
varଵ଴௩ = 3.3 PÂV-1 and var଻.ହ௩ = 3.9 PÂV-1.  In comparison with the ܥஶ course, the optimisation on the ܥଵ଴ and ܥ଻.ହ 
courses gave times that were 7.4% and 8.9% slower. Unsurprisingly, this suggests that sharp course bends increase 
the speed variance, which has been shown to increase the finishing time (Sundström, et al. 2013). The average 
power output was തܲஶ = 691 W, തܲଵ଴ = 631 W and തܲ଻.ହ = 626 W and the kinetic energy lost to braking was 2522 
J and 3235 J for the ܥଵ଴ and ܥ଻.ହ courses. These quantities also affect the finishing time. High braking energy 
reduces the average power output, which naturally has a negative effect on the finishing time. Moreover, the 
minimum speed due to braking was ݒଵ଴௠௜௡ = 8.28 PÂV-1 and ݒ଻.ହ௠௜௡ = 7.16 PÂV-1. The remaining energy at the finish 
line in the alactic and lactic vessels was ܣܮ௄ஶ = 707 J, ܣܮ௄ଵ଴ = 695 J, ܣܮ௄଻.ହ = 717 J, ܮ௄ஶ = 1252 J, ܮ௄ଵ଴ = 2352 J 
and ܮ௄଻.ହ = 2328 J. This indicates that the rider was not exhausted at the finish line in any of the pacing strategies, 
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suggesting that no optimal solution was obtained. This may be the explanation, but it is also conceivable that all-
out exercise for up to 80 s will leave some residual anaerobic energy store. The numeric mechanism responsible 
for this residual anaerobic energy store is the maximum power constraint in Equation (9).  
Overall, the pacing strategy, without course bends, confirms the findings of Morton (2009), i.e. that all-out 
effort is optimal if the energetic model incorporates a maximum power feedback that decreases monotonically with 
the store of some fuel substrate. However, the pacing strategies obtained from the curved courses show other 
power output patterns. An all-out start to increase speed was followed by a moderate decrease in power output to a 
steady state phase. Before braking, power output was decreased to nearly zero for some distance, implicitly 
meaning the rider is not pedalling. This seems evident as all the work done, at this point, will be wasted in the 
braking phase. The braking phase was characterized by quickly increasing braking power to the point of the 
minimum course bend radius, to achieve the required speed for cornering. At that point, power output was quickly 
increased to accelerate and reach a higher speed. From this point on, the pacing strategy is best described as all-out. 
In the present study, we did not consider the stability mechanics or the tilting involved in cornering the bicycle. 
 
 
 
 
Fig. 2. Optimised pacing strategies for the ܥஶ, ܥଵ଴ and ܥ଻.ହ courses. The Maximum power constraint was coloured white in ܥஶ, for visibility. 
ܥஶ 
ܥଵ଴ 
ܥ଻.ହ 
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Generally, the pacing strategies adopted in the present study may be considered to be variable distributions of 
power output. However, in contrast to previous studies (Atkinson & Brunskill 2000; Atkinson, et al. 2007; Boswell 
2012; Sundström, et al. 2013; Swain 1997), the main mechanism for this variance was not external conditions, 
such as road gradient or wind, but rather the effect of forced deceleration and the inertial resistance to acceleration. 
The most substantial differences in the pacing strategy between the two curved courses were the braking energy 
and the maximal braking power, which is caused by the turning radiuses. Additionally, the static friction 
coefficient of 0.7 may only be realistic for wet roads, or if a margin of safety is desired in dry road conditions.  
5. Conclusions 
The results showed that course bends may greatly affect the pacing strategy and finishing time. The average 
power output and the average speed decreased with decreasing curve radius. A key finding of this study is that 
optimal pacing for sharp course bends includes: (I) a steady-state power phase followed by (II) a rolling phase 
prior to (III) the braking phase instantly followed by (IV) an all-out acceleration. Finally, we conclude that 
applying the proper pacing strategy on races with sharp bends is crucial to performance. 
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